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Abstract: Demand response programs (DRs) can be implemented with less investment costs than
those in power plants or facilities and enable us to control power demand. Therefore, they are
highly expected as an efficient option for power supply–demand-balancing operations. On the other
hand, DRs bring new difficulties on how to evaluate the cooperation of consumers and to decide
electricity prices or rebate levels with reflecting its results. This paper presents a theoretical approach
that calculates electricity prices and rebate levels in DRs based on the framework of social welfare
maximization. In the authors’ proposal, the DR-originated changes in the utility functions of power
suppliers and consumers are used to set a guide for DR requests. Moreover, optimal electricity prices
and rebate levels are defined from the standpoint of minimal burden in DRs. Through numerical
simulations and discussion on their results, the validity of the authors’ proposal is verified.

Keywords: demand response programs; social welfare maximization; utility function; power supply–
demand balance; electricity price; rebate level

1. Introduction

Demand response programs (DRs) are defined as changes in electricity-consuming
patterns in response to changes in electricity price or to incentive payment [1]. There are
two major categories in DRs: one is the price-based DR, and the other is the incentive-
based one. Time of use (TOU), real-time pricing (RTP), and critical-peak pricing (CPP) are
well-known as the former. Unit prices of the electric power in these DRs become expensive
during the periods of high electricity costs or critical power grid’s conditions (peak periods)
in comparison with those in off-peak periods. On the other hand, peak time rebate (PTR)
and critical peak rebate (CPR) are categorized into the latter. In incentive-based DRs, power
suppliers (or power producers, retailers, etc.) reward consumers, who respond to the
request of DRs, with money rebates. Since DRs bring controllability in the power demand
without huge investment costs in power plants or facilities, they have been attracting
attention as one of the most economical and sustainable alternatives to traditional power
supply–demand-balancing operations. Therefore, many DR-related studies have been
carried out [2–4], as well as demonstrative field tests.

There are various studies contributing to the design of DRs. In [5], states of DR-related
activities are analyzed with highlighted deregulation in electricity markets. The authors
in [5] defined evaluation indices and discussed effects of DRs in electricity prices. Refer-
ence [6] reviews the means by which power suppliers induce their preferable electricity
consumption in DRs. Several mathematical problem frameworks and models are sum-
marized, and their solution techniques are introduced. In [7], DRs are classified from
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the viewpoints of their control mechanisms, motivations offered to changes in electricity
consuming patterns, and decision variables. Besides, several models for optimizing control
strategies of the DRs are categorized in association with the application targets. The authors
in [8] focused on price-based DRs and evaluated their advantages and disadvantages with
experimental results. This reference also includes a review of case study results of the DRs
in several countries. Reference [9], similarly, summarizes results of case studies, and its
authors analyzed them to discuss preferable price settings in price-based DRs.

Although these references indicate a great deal of useful information in the design
of DRs, there are still difficulties on settings of electricity prices or rebate levels while
ensuring resources of DRs. In fact, electricity prices or rebate levels in field tests have been
decided, relying on knowledge, experience, and experimental results [10–16], and thus, it
is difficult to discuss on the appropriateness of their settings. For these reasons, the design
of efficient DRs becomes a crucial component for advancing technologies of the power
grids’ management.

This paper presents a theoretical approach that calculates electricity prices and rebate
levels in DRs. To set the basis of discussion, the framework of social welfare maximization
(SWM), which has often been used to represent models of electricity markets [6,7,17–21], is
applied. First, the authors set the utility functions of the power suppliers and the consumers
and represent the power supply–demand-balancing operation under the SWM framework.
In the process, contributions of the DRs become measurable as an increment/decrement
in the utility functions. As a result, we can treat the DR-originated changes in the power
demand as an influential factor in the power supply–demand management. Next, accept-
able conditions of electricity prices and rebate levels are derived as a guide for the DR
request, and then, their optimal values are defined in consideration of burden on both
power suppliers and consumers. Finally, the validity of the authors’ proposal is verified
through numerical simulations with a model constructed by using the actual record of the
electricity consumption.

2. Formulation of Power Supply–Demand-Balancing Operation under SWM

SWM is formulated as a problem to maximize the weighted sum of utility functions
in a society without regarding to how the profit is distributed in each member of the
society [22–24]. Since the members of the society are classified into power suppliers (or
power producers, etc.) and consumers, the social welfare function is written as:

SW = ∑ T
t=1SWt = ∑ T

t=1

(
∑ NS

i=1U1,t(si,t) + α ∑ NC
j=1U2,t

(
dj,t
))

, (1)

where t is the time slot (t = 1, · · · , T); i is the number assigned to the power suppliers
(i = 1, · · · , NS); si,t is the electric power fed from power supplier i and an element of
vector st; U1,t(·) is the utility function of the power suppliers; j is the number assigned
to the consumers (j = 1, · · · , NC); dj,t is the power consumption in the consumer j and
an element of vector dt; U2,t(·) is the utility function of the consumers; α is the weighting
coefficient.

In the design of DRs, we can regard the power suppliers and the consumers as
aggregated ones. Besides, the coefficient α in Equation (1) equals to 1, if we align the units
of the utility functions, e.g., into the price.

The suppliers’ utility is expressed with the sum of the income by selling electricity
and the operational costs in the power supply, while the consumers’ utility is described
with the sum of the satisfaction obtained in exchange for consuming electricity and the
electricity costs [6,25]. Their utility functions are represented as:

U1,t(st) = ptst − Et(st), for ∀t, (2)

U2,t(dt) = Ft(dt)− ptdt, for ∀t, (3)
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where pt is the standard price of electric power; Et(·) is the operational cost of the power
suppliers; Ft(·) is the satisfaction of the power consumers.

Since ptst, ptdt, and Et(st) are expressed with the price, all units in Equation (1) were
unified when we evaluated Ft(dt) in Equation (3) by the price. In this case, the SWM
problem can be formulated as:

max
s, d

SW, (4)

SWt = Ft(dt)− Et(st) + pt(st − dt), for ∀t, (5)

s.t. st = dt, for ∀t, (6)

Gmin ≤ st ≤ Gmax, for ∀t, (7)

where Gmax and Gmin are the maximum and the minimum values of the power supply,
respectively.

Equation (6) shows the balance of the power supply and demand, and the constraint
Equation (7) restricts the controllability of the power supply, depending on specifications of
the target power grid, e.g., the maximum and the minimum outputs of power generation
units. Hence, the optimal solution of the formulated SWM problem represents the power
supply–demand operation that maximizes the social welfare.

If Equation (5) is a convex function, we can apply Lagrange relaxation [6,26,27], and
Lagrange multipliers correspond to shadow prices. Lagrangian function and Karush–
Kuhn–Tucker conditions are represented as:

Lt(st, dt, λt, µ1,t, µ2,t) = SWt + λt(st − dt) + µ1,t

(
st − Gmin

)
+ µ2,t(Gmax − st), (8)

{
− ∂U1,t(st)

∂st
+ λt + εt − µt = 0

∂U2,t(dt)
∂dt

− λt = 0
, (9)

where λt, µ1,t, and µ2,t are the Lagrange multipliers.
The authors assumed simple utility functions in the numerical simulations of this

paper, and thus, we can solve the target problem based on the Newton-Raphson method.
Otherwise, any of other techniques, e.g., intelligent optimization algorithms, will be useful
for solving SWM problems. For detailed definitions of the assumed functions, refer to
Section 4.

3. Calculation Methodology of Electricity Prices and Rebate Levels

The power suppliers bring the electricity consumption closer to the target value, which
is preferable in the power supply–demand management by changing the electricity price
or rewarding the money rebate to the consumers. The target electricity consumption in
DRs is defined as:

d′t = d∗t + ∆dt, (10)

where d∗t is the standard electricity consumption, which is the actual consumption without
DRs; ∆dt is the change in electricity consumption by the DR request.

In the actual power grids’ operations, d∗t is replaced with the estimated value, because
we cannot know it. This replacement brings an uncertainty to Equation (10), and therefore,
can lead to new challenges in the design of DRs. Detailed discussion on the issues remains
as a future work of this study.

Under the following assumption, the authors set the acceptable conditions of electricity
prices and rebate levels and define their optimal values.

Assumption 1. Consumers buy electricity to maximize their utility.
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This assumption activates Equation (11), which is derived by Equations (8) and (9):

p∗t =
∂Ft

∂dt

∣∣∣∣
dt=d∗t

, (11)

where p∗t is the standard electricity price, which is the actual price without DRs.

3.1. Definition of the Optimal Electricity Price and Its Calculation

The power suppliers decide the electricity price in the price-based DR to control the
power demand. The optimal electricity price is defined as:

p′t = p∗t + ∆pt, (12)

where ∆pt is the change of electricity price in the DR.
According to Equations (2) and (3), the values of the utility of the power suppliers and

the consumers in the DR are calculated as:

U1,t
(
d′t
)
= p′td

′
t − Et

(
d′t
)
, (13)

U2,t
(
d′t
)
= Ft

(
d′t
)
− p′td

′
t. (14)

In addition, the DR-originated changes in them are calculated as:

∆U1,t = U1,t
(
d′t
)
−U1,t(d∗t ) =

(
p′td
′
t − p∗t d∗t

)
− ∆Et, (15)

∆U2,t = U2,t
(
d′t
)
−U2,t(d∗t ) = ∆Ft −

(
p′td
′
t − p∗t d∗t

)
, (16)

where ∆Et is the change in the suppliers’ utility by the DR and is written as: Et(d′t)− Et(d∗t );
∆Ft is the change in the consumers’ utility by the DR and is described as: Ft(d′t)− Ft(d∗t ).

In the DR, each of the power suppliers’ utility and the consumers’ one (or each sum of
them during the target period) is greater than or equal to zero (U1,t(d′t) ≥ 0; U2,t(d′t) ≥ 0).
Since the power suppliers request the DR cooperation considering their economic efficiency,
the changes in the utility of the power suppliers are also greater than or equal to zero
(∆U1,t ≥ 0). By contrast, without any incentive, the changes in the utility of the consumers
are negative (∆U2,t < 0), because their utility function is maximized (approximately
maximized in the actual situations) at the standard electricity consumption. By assumption
1, we can represent the electricity price that maximizes the consumers’ utility at d′t as:

pt =
∂Ft

∂dt

∣∣∣∣
dt=d′t

. (17)

If the power suppliers set higher electricity price p+t than its standard, the consumers’
utility decreases according to Equation (16), and thus, the electricity consumption is reduced
(∆dt < 0). Meanwhile, the electricity consumption is encouraged by setting lower electricity
price p−t (∆dt > 0). The acceptable conditions p+t and p−t to achieve the target of the price-
based DR are separately derived as:

∂Ft

∂dt

∣∣∣∣
dt=d′t

≤ p+t ≤
Ft(d′t)

d′t
, (18)

p∗t d∗t + ∆Et

d′t
≤ p−t ≤

∂Ft

∂dt

∣∣∣∣
dt=d′t

. (19)

When the electricity price does not satisfy both Equations (18) and (19), the DR request
brings negative economic impacts on the utility of the power suppliers, or the consumers’



Appl. Sci. 2021, 11, 6871 5 of 16

cooperation cannot reach the target of DR request. With a view to minimizing the burden
in the price-based DR, the authors defined the optimal electricity price as:

p′t =
∂Ft

∂dt

∣∣∣∣
dt=d′t

. (20)

3.2. Definition of the Optimal Rebate Level and Its Calculation

If there is no incentive payment, the utility of the consumers decreases, depending on
contribution to the DR. This is because the consumers must accept less satisfaction than
that in the standard electricity consumption. In the incentive-based DR, values of the utility
of the power suppliers and the consumers and their changes are separately calculated as:

U1,t
(
d′t
)
= p∗t d′t − Et

(
d′t
)
, (21)

U2,t
(
d′t
)
= Ft

(
d′t
)
− p∗t d′t, (22)

∆U1,t = p∗t ∆dt − ∆Et, (23)

∆U2,t = ∆Ft − p∗t ∆dt. (24)

These equations are similar to Equations (13)–(16); however, the electricity price is
fixed to p∗t in the incentive-based DR. Although the consumers accept less satisfaction,
their utility recovers to its original level by compensating the decrement of Equation (24).
Therefore, we can set the acceptable condition for the unit price of money rebate rt as:

p∗t ∆dt − ∆Ft

|∆dt|
≤ rt ≤

p∗t ∆dt − ∆Et

|∆dt|
. (25)

Under this condition, the DR does not bring negative impacts to both the power
suppliers and the consumers. The authors defined the optimal rebate level to induce the
active cooperation of the consumers as:

r′t =
p∗t ∆dt − ∆Et

|∆dt|
. (26)

4. Numerical Simulation Model

To apply the authors’ proposal, actual utility functions are needed. Since there are no
established utility functions, these functions were made in this paper using a widely used
function for the fuel cost of power generation units and a record of smart power meters.
Discussion on their appropriateness remains as a future work of this study.

In this paper, the standard electricity prices in the SWM framework were replaced
with the annual average price as:

p∗t = p∗ (= 23.90 ), for ∀t. (27)

In the numerical simulations, p∗ was set to 23.90 JPY/kWh, which is the Japanese
annual average in 2015. The utility functions are shown below.

4.1. Utility Function for Suppliers

Thermal power generation has taken a large portion in the power supply, e.g., approx-
imately 85% in Japan [28], and its fuel cost, as is well-known, has powerful influence on
the operational costs of the power suppliers. The fuel costs of thermal power units are
traditionally approximated as quadratic functions by means of generating power [29–34].
For these reasons, the authors added the following assumptions to make the operational
cost function.

Assumption 2. Total operational cost in the power supply is approximated as the quadratic function
relying on the fuel costs of thermal power units.



Appl. Sci. 2021, 11, 6871 6 of 16

Assumption 3. The power suppliers decide the electricity price to maximize their utility function
at the annual average of electricity consumption (103.94 kW in this paper).

The normalized utility function of the power suppliers was defined as:

U†
1 (st) = −A†s2

t +
(

p†
1 − B†

)
st − C†, for ∀t, (28)

where p†
1 is the electricity price in the normalized function; A†, B†, and C† are the coeffi-

cients for the normalized function.
With reference to [35,36], the coefficients of the fuel cost function were set to 2.73 × 10−7

JPY/kWh2, 2.27 JPY/kWh, and 1.50× 105 JPY. In addition, the maximum and the minimum
outputs of power generation (Gmax and Gmin) were set to 175 kW and zero, respectively,
based on the electricity consumption of 500 households in the record. With these values,
the coefficients in Equation (28) were assumed to 4.63 × 10−5/kWh2, 1.20 × 10−7/kWh,
and 0. Owing to Assumption 3, we can calculate p†

1 as:

p†
1 = 2A†s + B†, (29)

where s is the annual average of electricity consumption.
By multiplying p∗

p†
1

on both sides in Equation (29), we can update the coefficients as A

and B, and as a result, the functions of the power suppliers’ utility and the operational cost
were written as:

U1(st) = −As2
t + (p∗ − B)st, for ∀t, (30)

Et(st) = As2
t + Bst (= E(st) ), for <!−− ∀t, (31)

where A = p∗

p†
1

A†; B = p∗

p†
1

B†.

Figure 1 displays the resulting operational cost function of the suppliers, and its
coefficients are summarized in Table 1.

Figure 1. Operational cost function.

Table 1. Coefficients in Figure 1.

A (×10−1 JPY/kWh2) B (×10−4 JPY/kWh) C (JPY)

1.15 2.99 0

4.2. Utility Function for Consumers

The consumers’ satisfaction is assumed by several functions such as logarithmic or
sigmoidal functions [37–42]. In this paper, the functions of hourly satisfaction were made
by relying on the record of smart power meters for 500 households. Figure 2 shows
the profiles of the hourly total electricity consumption of the 500 households, which are
samples including the highest or the lowest electricity consumption for one year. The hourly
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cumulative frequency distributions of the electricity consumption in each household are
displayed in Figures 3 and 4.

Figure 2. Example of profiles of hourly electricity consumption.

Figure 3. Hourly cumulative frequency distributions in the day of the highest electricity consumption.

Figure 4. Hourly cumulative frequency distributions in the day of the lowest electricity consumption.

Based on these data, the normalized utility function of the consumers was approxi-
mated as:

U†
2,t(dt) = X†

t ln
(

Y†
t

(
dt + Z†

t

))
− p†

2,tdt, for ∀t, (32)

where p†
2,t is the electricity price in the normalized function; X†

t , Y†
t , and Z†

t are the coeffi-
cients for the hourly normalized function of consumers’ satisfaction.
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Equation (32) suggests how many consumers are satisfied with the electricity con-
sumption dt. With assumption 1, p†

2,t can be calculated as:

p†
2,t =

X†
t

d∗t + Z†
t

, for ∀t. (33)

As with Equations (30) and (31), we can derive the functions of the consumers’ hourly
utility and satisfaction as:

U2,t(dt) = Xt ln(Yt(dt + Zt))− p∗dt, for ∀t, (34)

Ft(dt) = Xt ln(Yt(dt + Zt)), for ∀t, (35)

where Xt =
p∗

p†
1

X†
t ; Yt = Y†

t ; Zt = Z†
t .

Figures 5 and 6 show the hourly satisfaction functions, and their coefficients are
summarized in Tables 2 and 3.

Figure 5. Hourly satisfaction functions in the day of the highest electricity consumption.

Figure 6. Hourly satisfaction functions in the day of the lowest electricity consumption.
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Table 2. Coefficients in Figure 5 (the day of the highest electricity consumption).

t Xt (×10−3) Yt (×102) Zt t Xt (×10−3) Yt (×102) Zt

1 3.41 3.16 32.03 13 4.55 1.85 54.75
2 3.35 3.25 31.15 14 4.44 1.93 52.78
3 3.32 3.32 30.41 15 4.39 1.97 51.77
4 3.50 2.99 33.77 16 4.39 1.97 51.47
5 3.60 2.84 35.59 17 4.89 1.63 62.21
6 4.11 2.22 45.55 18 5.93 1.18 85.10
7 4.56 1.85 54.56 19 6.25 1.08 92.87
8 4.92 1.61 62.80 20 6.52 1.02 99.01
9 5.15 1.49 67.62 21 6.58 1.00 100.57
10 4.76 1.71 59.44 22 6.43 1.04 97.03
11 4.46 1.91 53.44 23 5.34 1.40 71.73
12 4.49 1.89 53.69 24 4.35 2.01 50.33

Table 3. Coefficients in Figure 6 (the day of the lowest electricity consumption).

t Xt (×10−3) Yt (×102) Zt t Xt (×10−3) Yt (×102) Zt

1 2.15 8.38 12.13 13 2.56 5.65 18.38
2 2.14 8.47 12.09 14 2.44 6.29 16.42
3 2.08 9.03 11.29 15 2.36 6.72 15.42
4 1.89 11.40 9.03 16 2.45 6.20 16.62
5 2.10 8.90 11.43 17 2.52 5.85 17.59
6 2.74 4.92 20.63 18 3.28 3.40 29.87
7 2.97 4.14 24.45 19 3.58 2.87 35.21
8 2.79 4.72 21.59 20 3.53 2.95 34.27
9 2.53 5.80 17.77 21 3.54 2.93 34.57
10 2.34 6.90 14.97 22 3.38 3.20 31.49
11 2.34 6.87 15.15 23 2.91 4.34 23.33
12 2.44 6.26 16.64 24 2.60 5.47 18.54

5. Numerical Simulation Results

Numerical simulations were carried out with the model constructed in Section 4. The
following scenarios were assumed:

Scenario 1. The power suppliers request to reduce the electricity consumption at any time slot in
the day of the highest electricity consumption.

Scenario 2. The power suppliers request to encourage the electricity consumption at any time slot
in the day of the lowest electricity consumption.

Under these scenarios, the authors calculated the sets of the optimal electricity price
or rebate level and the acceptable condition on each time slot.

5.1. Numerical Simulation Results for Price-Based DRs

By using Equations (18)–(20), the optimal electricity prices and the acceptable condi-
tions in the price-based DR were calculated as:

p′t =
Xt

d′t + Zt
, (36)

p′t ≤ p+t ≤ p+t , (37)

p−t ≤ p−t ≤ p′t. (38)

where p+t = Xt
d′t

ln(Yt(d′t + Zt)); p−t =
A
(

d′t
2−d∗2t

)
+B(d′t−d∗t )+p∗t d∗t

d′t
.
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Tables 4 and 5 summarize the calculation results in the case that the power suppliers
set the DR target as a 1% decrease (Scenario 1) or increase (Scenario 2) of the standard
electricity consumption. Figures 7 and 8 illustrate changes in the utility functions of the
power suppliers and the consumers and those in the social welfare functions.

Table 4. Numerical simulation results of price-based demand response programs (DRs) under scenario 1.

t p
′
t (JPY/kWh) p+

t (JPY/kWh) t p
′
t (JPY/kWh) p+

t (JPY/kWh)

1 24.09 46.61 13 24.07 42.42
2 24.09 46.88 14 24.07 42.79
3 24.09 47.00 15 24.07 42.93
4 24.09 46.15 16 24.07 42.90
5 24.08 45.71 17 24.07 41.52
6 24.08 43.72 18 24.06 39.29
7 24.07 42.33 19 24.06 38.76
8 24.07 41.43 20 24.05 38.35
9 24.07 40.89 21 24.05 38.26

10 24.07 41.86 22 24.05 38.49
11 24.07 42.74 23 24.06 40.43
12 24.07 42.59 24 24.07 42.96

Table 5. Numerical simulation results of price-based DRs under scenario 2.

t p−t (JPY/kWh) p
′
t (JPY/kWh) t p−t (JPY/kWh) p

′
t (JPY/kWh)

1 23.84 23.69 13 23.87 23.70
2 23.84 23.70 14 23.86 23.70
3 23.84 23.69 15 23.85 23.70
4 23.82 23.69 16 23.86 23.70
5 23.84 23.69 17 23.86 23.70
6 23.88 23.71 18 23.91 23.71
7 23.89 23.71 19 23.93 23.72
8 23.88 23.71 20 23.92 23.72
9 23.86 23.70 21 23.92 23.72

10 23.85 23.70 22 23.92 23.72
11 23.85 23.70 23 23.89 23.71
12 23.86 23.70 24 23.87 23.70

Figure 7. Changes in each function by the 1% DR request in the day of the highest electricity
consumption.
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Figure 8. Changes in each function by the 1% DR request in the day of the lowest electricity
consumption. In this scenario, the power suppliers could not request the DR cooperation in the target
period.

In Table 4, the calculation results in scenario 1 satisfied with their acceptable condi-
tions, and as a result, the optimal electricity prices were slightly increased (less than 1%)
as compared to the standard electricity price (23.90 JPY/kWh). By contrast, as shown in
Table 5, the power suppliers could not request a 1% increase in the electricity consumption
in scenario 2, because the calculation results did not satisfy their acceptable conditions. In
particular, the electricity consumption became higher than its annual average (103.94 kW)
from 18:00 to 22:00, and therefore, p−t exceeded the standard price. In the other periods, the
power suppliers can request the DR cooperation, until the condition shown in Equation (38)
is violated. With reference to Figure 2 we can understand that the calculated electricity
prices changed inversely to the profile of electricity consumption in Table 4, while syn-
chronously in Table 5. These results indicated that the consumers can reduce the power
demand during the peak periods, and it becomes difficult in the off-peak periods. That
is, the calculated prices reflected the controllability in the electricity consumption on each
time slot.

In Figures 7 and 8, there were no significant differences in the social welfare by the
DR; however, we can confirm that the price-based DRs took burden on the consumers in
Figure 7 or the suppliers in Figure 8. As displayed in Figure 9, the optimal electricity price
became 25.01 JPY/kWh, and the increment of the price exceeded 1 JPY/kWh when the DR
target was set to 7% of the actual electricity consumption. As for the reference, the optimal
electricity price in scenario 2 is shown in Figure 10.

Figure 9. Results on the typical time slots in scenario 1 (at 22:00).
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Figure 10. Results on the typical time slots in scenario 2 (at 4:00). In this scenario, the power suppliers
could not request the DR cooperation in the target period.

In the numerical simulation model, the authors made the operational cost function
of the power suppliers relying on the fuel costs of thermal power units. However, in the
actual operations, the other factors such as the surplus power of renewable energy sources
have influences on the operational cost. If we reflect them appropriately in the model, the
results in scenario 2 can be activated.

From these results, the authors concluded that the authors’ proposal functioned
properly in the price-based DR.

5.2. Numerical Simulation Results for Incentive-Based DRs

By using Equations (25) and (26), the optimal rebate levels and the acceptable condi-
tions in the incentive-based DR were calculated as:

r′t =
−A

(
d′2t − d∗2t

)
+ (p∗ − B)(d′t − d∗t )
|d′t − d∗t |

, (39)

rt ≤ rt ≤ r′t. (40)

where rt =
p∗t (d

′
t−d∗t )t−Xt log

d′t+Zt
d∗t +Zt

|d′t−d∗t |
.

Tables 6 and 7 summarize the calculation results in the case that the power suppliers
set the DR target as a 1% decrease (Scenario 1) or increase (Scenario 2) of the standard
electricity consumption. Figures 11 and 12 illustrate changes in the utility functions of the
power suppliers and the consumers. Changes in the social welfare functions were omitted
in Figures 11 and 12, because they were the same with the changes of the consumers’ utility
functions in the authors’ proposal.

Table 6. Numerical simulation results of incentive-based DRs under scenario 1.

t rt (×10−2 JPY/kWh) r
′
t (JPY/kWh) t rt (×10−2 JPY/kWh) r

′
t (JPY/kWh)

1 9.31 1.38 13 8.55 7.10
2 9.35 1.08 14 8.59 6.50
3 9.38 0.95 15 8.62 6.26
4 9.24 1.90 16 8.64 6.31
5 9.17 2.42 17 8.36 8.68
6 8.83 5.06 18 7.89 13.40
7 8.57 7.24 19 7.74 14.72
8 8.34 8.85 20 7.64 15.81
9 8.23 9.89 21 7.62 16.07

10 8.42 8.06 22 7.67 15.43
11 8.57 6.57 23 8.15 10.83
12 8.58 6.82 24 8.69 6.23
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Table 7. Numerical simulation results of incentive-based DRs under scenario 2.

t rt (×10−2 JPY/kWh) r
′
t (JPY/kWh) t rt (×10−2 JPY/kWh) r

′
t (JPY/kWh)

1 10.28 5.90 13 9.84 3.41
2 10.28 6.00 14 9.97 4.14
3 10.34 6.37 15 10.03 4.60
4 10.52 7.70 16 9.96 4.02
5 10.33 6.27 17 9.90 3.62
6 9.74 2.22 18 9.30 −0.88
7 9.55 0.80 19 9.10 −2.61
8 9.68 1.94 20 9.13 −2.33
9 9.89 3.55 21 9.12 −2.36

10 10.07 4.75 22 9.24 −1.53
11 10.04 4.77 23 9.61 1.19
12 9.95 4.15 24 9.86 3.01

Figure 11. Changes in each function by the 1% DR request in the day of the highest electricity
consumption.

Figure 12. Changes in each function by the 1% DR request in the day of the lowest electricity
consumption. In this scenario, the power suppliers could not request the DR cooperation from 18:00
to 22:00.

In Table 6, the calculated rebate levels were in the range of 0.95 JPY/kWh to
16.07 JPY/kWh. Meanwhile, the rebate levels in Table 7 were in the range of−2.61 JPY/kWh
to 7.70 JPY/kWh. As opposed to the results of price-based DRs, the time variation in Table 6
and Figure 11 had a similar trend to the electricity consumption. As shown in Table 7
and Figure 12, the optimal rebate levels were lower than rt from 18:00 to 22:00, and thus,
the consumers’ utility became negative during the periods. It indicated that the power
suppliers could not ensure the resources for the DR, and the DR request was impossible
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during the periods. In Figures 11 and 12, there were no burden on the power suppliers and
no decrement in the social welfare excepting the period from 18:00 to 22:00 in scenario 2.

As shown in Figures 13 and 14, the optimal rebate levels reduced in response to the
decrease (Figure 13) or increase (Figure 14) of the target values of the DR. In contrast, the
lower limits of the rebate levels were gradually raised. This is because the resources for the
DR were limited in association with the utility function of the power suppliers.

Figure 13. Results on the typical time slots in scenario 1 (at 22:00).

Figure 14. Results on the typical time slots in scenario 2 (at 4:00). In this scenario, the power suppliers
could not request the DR cooperation from 18:00 to 22:00.

These results showed that the authors’ proposal functioned properly in the incentive-
based DR as well.

6. Conclusions

The authors proposed a theoretical approach that calculates electricity prices and
rebate levels in DRs, based on the framework of SWM. In the authors’ proposal, first, the
utility functions of the power suppliers and the consumers were set, and then, the power
supply–demand-balancing operation was represented under the SWM framework. Next,
the authors derived the acceptable conditions for price-based DRs as Equations (18) and
(19) and the acceptable conditions for incentive-based DRs as Equation (25). Besides, the
optimal values of electricity prices and rebate levels were defined as Equations (20) and (26),
respectively, in consideration of burden on the society. The distinctive feature of the pro-
posed approach was to make influences of the DRs measurable as an increment/decrement
in the utility functions. Finally, to verify the validity of the authors’ proposal, the nu-
merical simulations were carried out with the model, which was constructed using the
approximated fuel cost function of power generation units and the record of smart power
meters.
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As shown in Section 5, the calculated electricity prices and rebate levels became smaller
than the values applied in the demonstrative field tests. This is because the calculation
results, as defined in Equations (18)–(20) as well as Equations (25) and (26), strongly
depended on the utility functions of the power suppliers and the consumers. In other
words, the assumed utility functions have room for discussion on their appropriateness.
However, the results of the numerical simulations reflected the controllability in electricity
consumption, and we can conclude that the authors’ proposal functioned appropriately.

In future works, the appropriateness of the assumed utility functions will be discussed
in more detail. Furthermore, the authors will analyze influences of the replacement of the
actual electricity consumption, d∗t , with the estimated one, and the proposed framework
will be expanded.
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